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Abstract 

We apply the methods developed in [Brl] to study holomorphic functions 
of slow growth on coverings of pseudoconvex domains in Stein manifolds. 
In particular, we extend and strengthen certain results of Gromov, Henkin 
and Shubin [GHS] on holomorphic L 2 functions on coverings of pseudoconvex 
manifolds in the case of coverings of Stein manifolds. 


1. Introduction. 

Let M be a complex manifold satisfying 

MCCMCN and tti(M) = m{N) (1.1) 

where M and M are open connected subsets of a complex manifold N and M is 
Stein. (Here 7Ti(V) stands for the fundamental group of X .) Condition (1.1) is 
valid, e.g., for M a strictly pseudoconvex domain or an analytic polyhedra in a 
Stein manifold. It implies that the group tci(N) is finitely generated. In [Brl] we 
presented a method to construct integral representation formulas for holomorphic 
functions of slow growth defined on unbranched coverings of M. Using such formulas 
we established that some known results for holomorphic functions on M can be 
extended to similar results for holomorphic functions of slow growth on coverings 
of M. In this paper we continue to study holomorphic functions of slow growth on 
coverings of M and apply the methods developed in [Brl] to extend and strengthen 
certain results of Gromov, Henkin and Shubin [GHS] on holomorphic L 2 functions 
on coverings of pseudoconvex manifolds in the case of coverings of Stein manifolds. 
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The presentation in this paper is focused on several problems and results formu¬ 
lated in [GHS]. To describe them we, first, recall some definitions. 

Let M CC N be a domain with a smooth boundary bM in an n-dimensional 
complex manifold N, that is, 

M = {z G N : p(z) < 0} (1.2) 

where p is a real-valued function of class G 2 (fl) in a neighbourhood fl of the compact 
set M M U bM such that 


dp(z) 7 ^ 0 for all z G bM . 


(1.3) 


Let zi,... ,z n be complex local coordinates in N near z G bM. Then the tangent 
space T~N at z is identified with C n . By Tf(bM) C T Z N we denote the complex 
tangent space to bM at z, i.e., 


n f) n 

T!(bM) = {u> =(<»!,..., m n ) e T Z (N) : £ f-(z)wj = 0) . (1.4) 

l-i az i 

The Levi form of p at z G bM is a hermitian form on Tf(bM) defined in the local 
coordinates by the formula 


L z {w,w ) = 

j,k =1 


d 2 p 

dzjdzk 


(z)WjW k • 


(1.5) 


The manifold M is called pseudoconvex if L z (w,w) > 0 for all z G bM and w G 
Tf(bM). It is called strictly pseudoconvex if L z (w,w) > 0 for all z G bM and all 
w ± 0, w G T c z (bM). 

Equivalently, strictly pseudoconvex manifolds can be described as the ones which 
locally, in a neighbourhood of any boundary point, can be presented as strictly 
convex domains in C n . It is also known (see [C], [R]) that any strictly pseudoconvex 
manifold admits a proper holomorphic map with connected fibres onto a normal 
Stein space. 

Without loss of generality we may and will assume that ni(M) = ni(N) for M as 
above. Let r : Nq —> iV be the regular covering of N with (discrete) transformation 
group G. Then Mq '■= r _1 (M) is a regular covering of M (with the same transfor¬ 
mation group). It is a domain in Nq with the smooth boundary bMc '■= r~ 1 (bA / I). 
By Mq '■= Mg U bMc we denote the closure of Mg in Nq. 

Let X be a subspace of the space 0{Mq) of all holomorphic functions on Mq- 
A point z G bMc is called a peak point for X if there exists a function / G X such 
that / is unbounded on Mq but bounded outside U fl Mg for any neighbourhood U 
of z in Ng- 

A point 2 ; G bMc is called a local peak point for X if there exists a function / G X 
such that / is unbounded in U fl Mq for any neighbourhood U of z in Ng and there 
exists a neighbourhood U of z in Ng such that for any neighbourhood V of z in Ng 
the function / is bounded on U \ V. 
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The Oka-Grauert theorem [Gl] states that if M is strictly pseudoconvex and bAd 
is not empty then every z G bM is a peak point for O(M). In general it is not known 
whether the similar statement is true for boundary points of Ado with an infinite G. 

Let cIVm g be the Riemannian volume form on Ada obtained by a Riemannian 
metric pulled back from N. By H 2 (Ad G ) we denote the Hilbert space of holomorphic 
functions g on AA G with norm 



In [GHS] the von Neumann (S'-dimension dime was used to measure the space 
H 2 (Ad G ). In particular, in [GHS, Theorem 0.2] the following result was proved. 
Theorem A If Ad is strictly pseudoconvex, then 


(a) dimed! 2 (Ado) = oo and 


(b) each point in bM G is a local peak point for H 2 (M G ). 


In [GHS, Theorem 0.5] the similar result was established for a covering Ad G of 
a pseudoconvex manifold Ad with a strictly plurisubharmonic G-invariant function 
existing in a neighbourhood of bAd G . Finally, in [GHS, section 4] the following open 
problems were formulated. 

Suppose that Ad is strictly pseudoconvex. 

1. Does there exist a finite number of functions in H 2 (Ad G ) fl C(Ad G ) which 
separate all points in bAd G ? 

2. Assume that dimcAd = 2. Does there exist / G H 2 {Ad G ) fl C(M G ) such that 
f(x) 7 ^ 0 for all x G bAd G ? 

3. Is it true that for every CA-function / G L 2 (bM G ) fl C(bAd G ) in case 
dime Ad G > 1 there exists f G H 2 {AA G ) fl C{AA G ) such that f'\bM c = /? 

Here L 2 (bAd G ) is defined similar to H 2 (Ad G ) with respect to the volume form 
on bAd G obtained by a Riemannian metric pulled back from N. Also, recall that 
/ G C(bM G ) is called a CA-function if for every smooth (■ n,n — 2)-form to with a 
compact support one has 


bM a 


f A dto 


0 . 


If / is smooth this is equivalent to the fact that / is a solution of the tangential 
GR-equations: d &/ = 0 (see, e.g., [KR]). 

The present paper deals with the above results and problems in the case of 
coverings of Ad satisfying condition (1.1). 


2. Formulation of Main Results. 

2 . 1 . We start with some results related to Problem 2 of the Introduction. 

Let Ad be a manifold satisfying condition (1.1) and Ad' be an unbranched covering 
of Ad. Condition (1.1) implies that there is a covering r : N' —» N of N such that 
Ad' is a domain in N' (i.e., H\ (Ad 1 ) = ti\ (N')). As above M' denotes the closure of 
M' in N'. 
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Let (j> : N' —► M be a function uniformly continuous with respect to the path 
metric induced by a Riemannian metric pulled back from N. 

Theorem 2.1 There exist a function ff G O(AT') fl C(M') and a constant C = 
C(cj), AT ', N') 1 such that 

| — 4>(z )| < C and \df ( p(z)\ < C for all z G AT' . 

(Here the norm |a;(z)| of a differential form u> at z G AT’ is determined with respect 
to the Riemannian metric pulled back from N.) 

As a corollary of this result we answer an extended version of Question 2 of the 
Introduction for coverings of manifolds AT satisfying condition (1.1). Namely, let d 
be the path metric on N' obtained by the pullback of a Riemannian metric defined 
on N. Fix a point o G AT' and set 

d 0 (x) := d(o,x ) , x G N' . 

From the triangle inequality it follows that the function (f{x) := d 0 (x), x G N', 
satisfies the hypothesis of Theorem 2.1. 

Corollary 2.2 Let f f^, be the function from Theorem 2.1 for <f> — d„. Then 
there exists a constant a > 0 such that F = e~ af G H 2 (M') ft C(M'). 

(Note that here F(x) 0 for all x G M' and there are no restrictions on dimcM.) 
2.2. In this part we formulate our results related to Theorem A of the Introduction. 

Let M’ be an unbranched covering of M satisfying (1.1). Let if : AT —» M + be a 
continuous function and 6Vm> be the Riemannian volume form on M' obtained by a 
Riemannian metric pulled back from N. For an open set D C M we introduce the 
Banach space H^(D') of holomorphic functions g on D' := r~ 1 (D) C AT' with norm 

(f \g(z)\ p if(z)dV M '(z)\ . 

\JzeM' / 

Let r : N' —> N be the covering of N satisfying (1.1) such that tti(N') = 7 Ti(M'). 
Then AT' (= r _1 (M)) is a domain in N'. Suppose that if : N 1 —> M + is such that log^ 
is uniformly continuous with respect to the path metric induced by a Riemannian 
metric pulled back from N. We set <f> := log-0 and consider the holomorphic function 
ff, from Theorem 2.1. This theorem implies that for C := e c 

-^if(z) < |e^^| < Cif{z) , z G AT' . (2.1) 

C 

Therefore the following result holds. 

Proposition 2.3 For any open set D C AT and every p G [1, oo) the map L^ : 
Hfp(D') —> TT’i(D'), L^(g) = g ■ is an isomorphism of Banach spaces. □ 

1 Here and below the notation C = C(a,/3,"f ,...) means that the constant depends only on the 
parameters a, (3, 7 ,... . 
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Let us now formulate an extension of Theorem A of the Introduction. 

Suppose that M is a strictly pseudoconvex domain in a complex manifold N 
such that 7Ti (M) = ni(N) and N is a domain in a Stein manifold. Let r : N' —> N 
be an unbranched covering of N and M' = r~ 1 (M) be the corresponding covering 
of M. Let bM' = r _1 (6M) be the boundary of M' in N'. 

Theorem 2.4 Each 'point in bM' is a peak point for O(M') and for every Hf(M'), 

1 < p < oo. 

From Theorem 2.4 and Proposition 2.3 we get (for if as in Proposition 2.3) 

Corollary 2.5 Each z G bM' is a peak point for H((M'), 1 < p < oo. □ 

Remark 2.6 The main ingredient of the proof of Theorem 2.4 is uniform estimates 
for solutions of certain (9-equations on M'. In fact similar estimates are valid on 
coverings of, so-called, non-degenerate pseudoconvex polyhedrons on Stein manifolds 
(see [SH] and [He] for their definition). This class contains, in particular, piecewise 
strictly pseudoconvex domains and non-degenerate analytic polyhedrons on Stein 
manifolds. Also, every M from this class satisfies condition (1.1). Let M' be a 
covering of such M and z G bM' be such that M' fl U is strictly pseudoconvex for 
a neighbourhood U C A of z. Then arguing as in the proof of Theorem 2.4 one 
obtains that z is a peak point for O(M') and for every iLf(M'), 1 < p < oo. 

2.3. In this section we discuss some results related to Problem 3 of the Introduction. 

Let r : N' —> N be a covering of N satisfying (1.1). As before we set M' = 
r _1 (M) C N'. Consider a function if : N' —> M + such that log if is uniformly 
continuous with respect to the path metric induced by a Riemannian metric pulled 
back from N. For such if and every x G M we introduce the Banach space l p ^ jX (M'), 
1 < p < oo, of functions g on r~ l (x) C M' with norm 

\g\ P ,^x-=( Y I g(y)\ p 4>(y)\ • ( 2 -2) 

\yer- 1 (x) ) 

Next, for an open set D C M we introduce the Banach space H P ^(D'), 1 < p < oo, 
of functions / holomorphic on D' := r^ 1 (i9) C M' with norm 

\f\p,4> ■= sup|/|p^, x • (2.3) 

xGD 

Clearly, one has a continuous embedding 7 H P> ^(D') ^ HffD'). Let U <Z N be an 
open set containing D and U' = r~ l (U). Then for if as above using the mean value 
property for plurisubharmonic functions one can easily show that for each p G [1, oo] 
the restriction f i—» f\o' induces a linear continuous map H^(U') —> 7i p ^(D'). Also, 
for such if from the results proved in [Brl] follow that holomorphic functions from 
H P ^(M') separate all points in M' (for each p G [1, oo],). 

Let us formulate the main result of this section. 

Let M CC M G N be manifolds satisfying condition (1.1) with dimcM > 2. 
Suppose that D CC M is an open subset whose boundary bD is a connected C k 
submanifold of M (1 < k < oo). For a covering r : N' —> N we set D' = r~ 1 (D) 
and bD' = r~ l (bD). 
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Theorem 2.7 For every CR-function f E C s {bD'), 0 < s < k, satisfying 
f | r -i( x ) e lp,^ x (M') for all x E D and sup \f\ p ^, x < oo 

x£bD 

there exists a function f E H P ^(D') n C S (D') such that f I bD< ~ f ■ 

Remark 2.8 (1) The converse to this theorem is always true: the restriction of 
every f E H P ^(D') D C S (D') to bD' is a CR-function satisfying the hypotheses of 
the theorem. 

(2) We will prove also (see (6.6)) that for some c = c{M' ,M,if,p) 

\f\prt < c sup . 

x£bD 

As a corollary we obtain an analog of the Hartogs extension theorem. We for¬ 
mulate it for functions of the maximal possible growth for which our method works. 

Suppose that M satisfies (1.1). Let D C M be a domain and K CC D be a 
compact set such that U D \ K is connected. Consider a covering r : M’ —> M 
and set D' = r~ l (D), U' = r _1 (17). By d 0 , o E M 1 , we denote the distance function 
on M' as in Corollary 2.2. 

Corollary 2.9 There exists a constant c > 0 such that for every f E 0(U') satis¬ 
fying for some c^ > 0 and 0 < c\ < c the inequality 

l/MI < , zeu', 

there is f E O(D') such that 

\f(z)\<e c ^ lMz \ ZED', and /%> = /) 

where C 3 depends on C 2 , c\, c, M, M' only. 

We don’t know whether a similar extension result holds for functions / growing 
faster than those of the corollary. 

2.4. Finally, we formulate a result related to Problem 1 of the Introduction. First, 
we recall some definitions of the theory of flat vector bundles (see, e.g., [O]). 

Let X be a complex manifold and p : 7Ti (X) —> GL^{ C) be a homomorphism 
of its fundamental group. We set G := 7r \{X)/Ker p. It is well known (see, e.g., 
Example 3.2 (b) below) that to any such p corresponds a complex flat vector bundle 
E p on X (i.e., a bundle constructed by a locally constant cocycle). We call E p the 
bundle associated with p. Assume that p is such that E p is topologically trivial, i.e., 
is isomorphic in the category of continuous bundles to the bundle X x C k . Every 
such p can be obtained as the monodromy of the equation dF = c oF on X where u 
is a matrix-valued 1-form on X satisfying du — to A u = 0. By T (A") we denote the 
class of quotient groups G obtained by representations p as above. 

Now, let r : ATq —■* M be the regular covering of M satisfying condition (1.1) 
with transformation group G. Let G\ C G be a subgroup of a finite index. Then 
there is a finite covering r\ : M\ —» M whose fibre is the quotient set G/G\ such 
that Mq is also the regular covering of Mi with transformation group G\. 
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Theorem 2.10 Assume that G\ G T(Mi). Then there is a finite number of func¬ 
tions in 'H- 2 ,i(Mg) D C(Mg ) which separate all points in Mq- 

Remark 2.11 (1) We will see from the proof that the functions in Theorem 2.10 
can be taken even from TC 2 ,^(Mg) where if : Mg —■► M+ has a double exponential 
growth. 

(2) As the group G in Theorem 2.10 one can take, e.g., a finitely generated free group 
(see, e.g., [O]) or a polycyclic group (see, e.g., [Ra]). If dimcM = 1 then, since M is 
homotopically equivalent to a one-dimensional CIT-complex (see, e.g., [GR]), every 
quotient group G obtained by a linear representation p belongs to T(M). 


3. Preliminary Results. 

3.1. First, we recall some basic facts from the theory of bundles see, e.g., [Hi]. 

Let X be a complex analytic space and S be a complex analytic Lie group with 
unit e G S. Consider an effective holomorphic action of S on a complex analytic 
space F. Here holomorphic action means a holomorphic map S x F —> F sending 
sxfESxF to sfEF such that Si(s 2 f) = (sis 2 )/ and ef — f for any f E F. 
Efficiency means that the condition sf = / for some s and any / implies that s = e. 

Definition 3.1 A complex analytic space W together with a holomorphic map (pro¬ 
jection) 7r : W —> X is called a holomorphic bundle on X with structure group S 
and fibre F, if there exists a system of coordinate transformations, i.e., if 

(1) there is an open cover U = {Ui} ie j of X and a family of biholomorphisms 
hi : 7T ~ l {Ui) —> Ui x F, that map “fibres” tt~ 1 {u) onto u x F; 

(2) for any i,j G I there are elements Sij G 0(Ui ft Uj, S ) such that 

( hfixfi 1 )(u x /) = u x Sij(u)f for any u G Ui fl Uj, f G F . 

A holomorphic bundle 7r : W —> X whose fibre is a Banach space F and the structure 
group is GL(F) (the group of linear invertible transformations of F) is called a 
holomorphic Banach vector bundle. A holomorphic section of a holomorphic bundle 
n : W —> X is a holomorphic map s : X —> W satisfying tt o s = id. 

We will use the following construction of holomorphic bundles (see, e.g. [Hi, Ch.l]): 

Let A be a complex analytic Lie group and U = {Ui}i & i be an open cover of X. 
By Zq{U,S) we denote the set of holomorphic S'-valued W-cocycles. By definition, 
s = {s^} G Zq{U, S ), where G 0(U t fl Uj, S ) and s l] s ] k = Sik on U l fl Uj fl 14. 
Consider the disjoint union U t( zjU t x F and for any u G 14 D Uj identify the point 
u x f G Uj x F with u x s?;•,('«)/ G Ui x F. We obtain a holomorphic bundle W s 
on X whose projection is induced by the projection Ui x F —> Ui. Moreover, any 
holomorphic bundle on X with structure group S and fibre F is isomorphic (in the 
category of holomorphic bundles) to a bundle H4- 
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Example 3.2 (a) Let M be a complex manifold. For any subgroup H C tci(M) 
consider the unbranched covering r : M(H) —» M corresponding to H. We will 
describe M(H) as a holomorphic bundle on M. 

First, assume that H C tti(M) is a normal subgroup. Then A4(H) is a regular 
covering of M and the quotient group G := 7Ti( M)/H acts holomorphically on M(H) 
by deck transformations. It is well known that M ( H ) in this case can be thought of 
as a principle fibre bundle on M with fibre G (here G is equipped with the discrete 
topology). Namely, let us consider the map Rg(q) ■ G —> G, g G G, defined by the 
formula 

Rc{g){q) = q- 3 “\ q^G. 

Then for an open cover U = {U}i e i of M by sets biholomorphic to open Euclidean 
balls in some C n there is a locally constant cocycle c = {yy,} G Zq(U,G) such that 
M(H) is biholomorphic to the quotient space of the disjoint union V = U i£ jUi x G 
by the equivalence relation: Ui x G 3 x x Raicijfiq) ~ x x q G Uj x G. The 
identification space is a holomorphic bundle with projection r : M(H) —> M induced 
by the projections (7jXG-» U t . In particular, when H = e we obtain the definition 
of the universal covering M u of M. 

Assume now that H C 7Ti (M) is not necessarily normal. Let Xh = 7Ti (M)/H 
be the set of cosets with respect to the (left) action of H on ni(M) defined by left 
multiplications. By [Hq\ G X H we denote the coset containing q G tti(M). Let 
A(X h ) be the group of all homeomorphisms of X H (equipped with the discrete 
topology). We define the homomorphism r : nfiAd) —> A(Xh) by the formula: 

r(g)([Hq}) := [ Hqg _1 ], q G n\(M). 

Set Q(H ) := 7 X\{M)/Ker{r) and let g be the image of g G (M) in Q(H). By 
t q(H) ■ Q(H) —> A(Xh) we denote the unique homomorphism whose pullback to 
ni(M) coincides with r. Consider the action of H on V = U i^iUi x ni(M) induced 
by the left action of H on nfiM) and let Vh = A i£ jUi x Xh be the corresponding 
quotient set. Define the equivalence relation Ui x Xh 3 x x TQ(H)(cij){h) ~ x x h G 
UjXXn with the same {cy,-} as in the definition of M (e). The corresponding quotient 
space is a holomorphic bundle with fibre Xh biholomorphic to M(H). 

(b) We retain the notation of example (a). Let B be a complex Banach space 
and GL(B) be the group of invertible bounded linear operators B —> B. Consider 
a homomorphism p : G —> GL(B). Without loss of generality we assume that 
Ker(p) = e, for otherwise we can pass to the corresponding quotient group. The 
holomorphic Banach vector bundle E p —> Ad associated with p is defined as the 
quotient of U ie iUi x B by the equivalence relation U t x B 3 x x p(cij)(w ) ~ x x w G 
Uj x B for any x G Ui fl Uj. Let us illustrate this construction by an example. 

Let 0 : Xh —■► ® + (. X H ■— ni(M)/H) be a function satisfying 

(f){r(h){x)) < c h <f>{x) , x G X H , h G nfiM) , (3.1) 

where cy is a constant depending on h. By I p ^(Xh), 1 < p < oo, we denote the 



(3.2) 


Banach space of complex functions / on Xh with norm 

\\f\\ P ,4> ■= ( Y, 1/(^1^^)) 

\gcx H ) 

Then according to (3.1) the map p defined by the formula [p(g)(f)}(x) := f(r(g)(x )), 
g G 7Ti (M), x G X H , is a homomorphism of tti(M) into GL(l p ^(X H )). By E p ^{X H ) 
we denote the holomorphic Banach vector bundle associated with this p. 

3.2. We retain the notation of Example 3.2. Let r : M' M be a covering where 
M' = M(H ) (i.e., 7Ti (M 1 ) = H ). Assume that M satisfies condition (1.1), i.e., 
M CC N and 7Ti (M) = tti(N). Then there is an embedding M(H ) N(H). 

(Without loss of generality we consider M(H) as an open subset of N(H).) Let 
be a finite acyclic open cover of M by relatively compact sets. We set 
Ui V) fl M and consider the open cover U = {Ui}i £ j of M. Then as in Example 
3.2 (a) we can define M(H) by a cocycle c = {c ij }eZ} ) (U,n 1 (M)). 

Further, let if : N(H) —» M + be a function such that log if is uniformly continuous 
with respect to the path metric induced by a Riemannian metric pulled back from 
N. Fix a point zo € M and identify r^ 1 (^o) with zo x Xh ( Xh '■= 7Ti (M)/H). We 
dehne the function (f) : X H M + by the formula 

(j)(x) := ip(zo,x) , x E X H ■ 

It was proved in [Brl, Lemma 2.3] that (f) satisfies inequality (3.1). Then the bundle 
E p ^(Xh) is well defined. By definition, any holomorphic section of this bundle is 
determined by a family {fi(z, g)}i^i of holomorphic functions on I/* with values in 
lp,<t>(X H ) satisfying 

fi(z , r(cij)(h)) = fj(z, h ) for any z E Ui DUj . 

We introduce the Banach space B p ^(X H ) of bounded holomorphic sections f = 
{fihei of E m (X h ) with norm 

\f\p,4> SUP \\fi(z, -)IIp ,0 • (3.3) 

iei,zeUi 

(Here j| • || p ^ is the norm on I p ^(Xh\ see (3.2).) 

Further, let / G 7i Pj p(M(H)) (see section 2.2 for the definition). We dehne the 
family { /)}, e / of functions on Ui with values in the space of functions on Xh by the 
formula 

fi(z,g) ■= f(z,g ) , 2 eUi , i e I , g g X h . (3.4) 

It was established in [Brl, Proposition 2.4] that the correspondence f i—»• {fi}iei 
determines an isomorphism of Banach spaces D : 7i p ^(M(H)) —> B p ^{X H )- (Here 
D is an isometry for if = 1.) 

Next, suppose that {x n } n >i C M converges to x G M. Then for sufficiently big n 
we can arrange r _1 (a; n ) and r~ l (x) in sequences {y m }«>i and {yi}i >i such that every 
{: yi n } converges to y, as n —> oo. For such n we dehne maps r n {x) : r _1 (x) —> r _1 (x n ) 
so that r n (yi) = y in , i G N. Below, r* denotes the transpose map generated by r n 
on functions dehned on r~ 1 (x n ) and r _1 (a:). 
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Definition 3.3 Let X CL M be a subset. We say that a function f on r 1 (X) 
belongs to the class C p ^(r~ 1 (X)) if 

(1) /| r -i( x) G lp^ x (M') for all x G X and 

(2) for any x G X and any sequence {x n } C X converging to x the sequence of 
functions {r*(/| r -i( Xn ))} converges to f\ r - 1 ( x ) in the norm ofl p ^ tX (M'). 

By Cp ^(r~ 1 ( A")) we denote the Banach space of functions / G C p ^(r~ 1 (X)) with 
norm 

l/lp,y ' = Sll P \f\r~ 1 (x)\p,il’,x ■ (3.5) 

x£X 

Note that if A" C M is compact, then \f\ p ^ < oo for every / G C Pi ^(r _1 (A")). 

Comparing with the above definition of D one determines a similar map for 
C'p^(r _1 (X)). This gives an isomorphism D : Cp^(r _1 (A")) —> CB p(t> {X H ) where 
CBp^Xn) is the Banach space of bounded continuous sections of E p ^{X h)\x with 
norm defined as in (3.3). 

3.3. Most of our proofs are based on Theorem 1.3 of [Brl], In its proof we use the 
above isomorphisms D and Cartan’s A and B theorems for coherent Banach vector 
sheaves (see [B]). Let us formulate this result. 

Suppose that r : M' —> M is a covering with M satisfying (1.1). We define 
if : M' —> R + as in section 3.2. Also, we define 7i p ^(AL') and l p ^ x (M') as in 
section 2.3. For Banach spaces E and F by B(E , F) we denote the space of all 
linear bounded operators E —> F with norm jj • ||. 

Theorem 3.4 For any pG [1, oo] there is a family {L , G B(l p ^ tZ (A / I'),H p ^(AL , ))} z£M 
holomorphic in z such that 

(L z h)(x) = h(x) for any h G l p ^ z (M') and x G r _1 (^) . 

Moreover, 

sup ||L~|| < oo . 

z&M 

The following facts are simple corollaries of this result. 

Suppose that A" C M and / G C p ^(r _1 (X)). We define the function F on 
X x M' by the formula 

F(x,z) := (L x (f\ r -i( x )))(z) , xxzeXxM'. (3.6) 

Then F is continuous and F(x, •) G for every x. Moreover, if A” is open and 

/ G 7ip^{r~ 1 {X)), then F G 0{X x M’) and the map X —■> 7 x i—>• F(x, •), 
is holomorphic. 

We can also express F in local coordinates. Namely, take x G X and let U C M 
be a neighbourhood of x biholomorphic to an open Euclidean ball. Then r -1 (£/) = 

U y&r - 1 (xXy and there are biholomorphisms s y : U —> V y such that r o s y — id. Now, 
the restriction of / G C b p ^,{;r~ l {X)) to r~ l {U DA") can be written as 

f(z) = f( z )x y (z) , - e r~ l (U nl) , (3.7) 

yGr~ 1 (x) 
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where \ y is the characteristic function of V y . Let us introduce the functions f y , 
y G by the formulas 

fy(v) = f ( s y{ v )) r V £ X (1 U . 

Then we have 

f(z) = X fy( v )x y (z) , v = r ( z ) eunx . (3.8) 

y£r — 1 (a;) 


Consider the series 


X fy( v ) L v(x y \r-Hv)) , V eunx , (3.9) 

y£i — 1 (x) 

with L v as in Theorem 3.4. 

Proposition 3.5 For p G [1, oo) the series in (3.9) converges in to 

F(v, •) := L v (f\ r -ir v \) uniformly on every compact subset of U D X. If p = oo and 
f G C^ 1 (r _1 (A")) then this series also converges in 'H O0t ^{M') to F(v,-) uniformly 
on every compact subset of U fl X. 

Proof. Suppose that p G [1, oo) and / G C p ^(r _1 (A")). Let C C U fl X be a 
compact subset. By the definition the function <f> : U D X —> l p ^(X H ), z i—>• f.(z), is 
continuous (here we identify r~ 1 (x) with X H ). Thus $(6*) C l p ^(X H ) is compact. 
Fix a family {Ah}j G N of hnite subsets of Xh such that A* C X l+l for any i and 
U iL\Xi = Xh- Let V) C l P ,p{X h) be a finite-dimensional subspace generated by 
functions 5 Z on Xh with z G AHere S z (v) — 1 if v — z and S z (v) = 0 if 
v z. Then is everywhere dense in I p ^(Xh) (since 1 < p < oo). This and 

compactness of $((7) imply that for any e > 0 there exists an integer / such that 
<£>((7) C Vi + B e where B e is the open ball in l p ^(X H ) centered at 0 of radius e. By 
Pi : l p ^(X H ) —> Vi we denote the projection sending v = Jf xe x H v x$x £ l P ,^(X H ) to 
JfxeXi v x$x £ V) (here all v x G C). Then for e as above and every v G < L(C) we have 
||v — Pi( v )\\p,</> < e - From this by (3.8), identifying r -1 ^) with X H , we obtain 

sup 11 /It—1(«) - X Jy( v )Xy\r-'(v)\\ P ,4> < 6 • ( 3 - 10 ) 

veC y£Xt 

Thus by the definition of operators L v (see Theorem 3.4) 

sup I F(v, •) - X fy( v ) L v(Xy\r-i(v))\^ < Ce (3.11) 

veC yex t 

for some constant C. This implies the required uniform convergence for p G [1, oo). 

For p — oo and / G C'J 1 (r _1 (X)) we obtain anew that < L(C) C Zi i( X H ) is 
compact. Then in the above notation we easily get ||u — pfi 011 00,0 < e for an y 
v G $(C) (because || • Ho^ = |j • H^i < || • ||i,i). Thus (3.10) is also valid for p = 00 . 
This gives (3.11) with p = 00 . □ 
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4. Proofs of Theorem 2.1 and Corollary 2.2. 

Proof of Theorem 2.1. Let M CC M C TV be complex manifolds such that 
7 Ti(M) = tti(N) and M is Stein. Consider an unbranched covering r : TV' —> TV of 
TV and the corresponding coverings M' = r _1 (M) and M' = r _1 (M) of M and M. 
According to Example 3.2 (a) M' is defined on an open cover W = {£/;}*€/ of M 
by sets biholomorphic to open Euclidean balls by a locally constant cocycle {c%} G 
Zq(U, Q(H)). (Here we retain the notation of Example 3.2 (a) so that M' = M ( H ).) 
Using this construction we identify r _1 (C/j) with U t x X H (. X H = (M)/H). Also, 

we choose some points Zi G U t and assume that diameters of all U\ in the path metric 
on TV induced by a Riemannian metric are uniformly bounded by a constant. 

Let (j) : TV' —> M be a function uniformly continuous with respect to the path 
metric induced by the Riemannian metric pulled back from TV. For every i G / we 
define a function : r -1 (U;) —► R by the formula 

&(z,g) := (f>{zi,g) , 2 XgGr _1 ([/i) . 

Then from the uniform continuity of (j) and boundedness of diam{U.j) for all i we 
obtain that there exists a constant c such that 

|0(v) — (f>i{v )| < c for every v G r _1 (C/j) , i G / . (4.1) 

Dehne a locally constant cocycle faj on the open cover {r^ 1 (Uj)} of M' by the 
formula 

<f>ij(v) = 4>i{v) - (frjiy) for v G r _1 (C/j D U,-) . 

Then from (4.1) by the triangle inequality we get 


sup \(f>ij(v)\ < 2c . (4.2) 

i,j,v 

This inequality implies that rewriting cocyclc {4>ij} in the coordinates on M (i.e., 
taking its direct image {'r*(</>p-)} with respect to r ) we can regard it as a holomorphic 
cocyclc on the cover U with values in the Banach vector bundle E oc i (X H ) with hbre 
loo,i{X H ) defined on M (see Example 3.2 (b)). This correspondence is described in 
[Br2, Proposition 2.4], Since U is acyclic and M is Stein, from the above construc¬ 
tion, a version of Cartan’s B theorem for coherent Banach sheaves (see [B]), and the 
classical Leray theorem we obtain as in [Br2] that there are holomorphic functions 
fi G (R(r -1 (U;)) such that 

(1) for every compact set K C U tl 


sup \fi(y)\ < oo ; 

yG ?— 1 (K) 


( 2 ) 


fi(z) - fj(z) = <t>ij{z) for z G r 1 (U i r I Uj) . 
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Let V = {Vj}j(zj be a refinement of U such that every Vj is open and relatively 
compact in some U, :t . Then condition (1) implies that 

sup \f ij (y)\<oo. (4.3) 

y& 1 {Vj) 


Finally, define a function / G O(M') by the formula 

f(z) := - fi(z) , z E r~ l (Ui) . (4.4) 

Since M C M is a compact set, there is a finite subcover of V that covers M. From 
here, (4.3) and (4.1) for the restriction := f\jjr we obtain (for some C) 

\f,l>(z) — 4>(z )| < C and \df ( j ) (z)\ < C for any z E M' . (4.5) 

The proof of the theorem is complete. □ 

Proof of Corollary 2.2. We retain the notation of the proof of Theorem 2.1. 

Let d Q := d(o, •) be the distance on N' from a fixed point o E M' and let / := 
be the function from Theorem 2A for 0 = d 0 - Consider a finite open cover {Ui} l i=1 
of M such that every V\ CC M is biholomorphic to an open Euclidean ball. As 
above we identify 1 {Uj) C N' with U l x X H . Fix an element e G Xh and set 
Oi(z) = (z, e) G r _ 1 (f/j) for every z G U^J. < i < l, and d 0i ^(v) := d(oi(z),v), 
v G N'. Then from compactness of every U t by the triangle inequality we get 

I d 0i ( z )(v) - d 0 (v) | < a , 1 <i <1 , (4.6) 

for some constant a. By B Z ^(R) we denote the open ball on r^ 1 (^) of radius R 
centered at Oi(z) with respect to the induced metric d\ r -i^ z y Also, by we denote 
the number of elements of A. Now we prove 

Lemma 4.1 There is k E N such that 

#B Z)i (R) < e kR i 1 < i < l ■ 

Proof. Let r : N u —> A^ be the universal covering of N and r' : N u —> N' be the 
intermediate covering, i.e., r — r o r' . We equip N u with the path metric d induced 
by the Riemannian metric pulled back from N , the same as in the definition of the 
metric d on N r . Let di(z) E r^ 1 (^) be such that r'{pi(z)) = Oi(z). By B-^R) we 
denote the open ball on r _1 (^) of radius R centered at di(z) with respect to the 
metric d\~-i/ z y Let us check that r'^B-^R)) = B zi {R). 

Indeed, let y E By ( R) and y y be a path joining di(z) and y in N u whose length is 
less than R (such a path exists by the definition of d). Then r\y y ) is a path joining 
Oi(z) and r\y) in N' . By the definition of the metrics on N u and N' the length 
of r\yy) does not exceed the length of 7 y . In particular, it is less than R. Thus 
doi(z){r' (y)) < R, i.e., r\y) E B Zji (R). Conversely, let w E B Zji (R) and let y w be a 
path in N' joining Oi(z) and w with length less than R. By the covering homotopy 
theorem (see, e.g., [Hu, Chapter III]) there is a path y w C N u that covers y w and 
joins Oi(z) with some point ui such that r'{w) = w. Moreover, by the definition, the 
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length of 7 „, is the same as the length of 7 „,. In particular, it is less than R. Thus 
w G B-^R). This shows that r'^B-^R)) = B Z ^(R). In turn, the latter implies that 

#B,m < *hi( R ) ■ < 4 - 7 ) 

Next, let A be a finite set of generators of 717 (IV) (recall that condition (1.1) 
implies that 717 (IV) is finitely generated). By d w we denote the word metric on 
7Ti (IV) with respect to A. Now, from compactness of every [/, by the Svarc-Milnor 
lemma (see, e.g., [BH, p. 140]) we obtain that there exists a constant c such that for 
any z G Ui, 1 < i < l, and g,h G 7Ti(IV), 

c^d w (g, h) < d((z,g), (z, h)) < cd w (g, h) (4.8) 

(Here we identify f _1 (t/j) with U % x 717 (IV) as in Example 3.2 (a).) Let B R C 717 (IV) 
be the open ball of radius R centered at 1 with respect to d w . Then there is a natural 
number k such that _ 

#B r < e kR for any R> 0 . (4.9) 

From here, (4.8) and (4.7) we get for k :=kc 

#B z>i {R) < e kR , 1 < i < l . □ 

We proceed with the proof of the corollary. Let us define a := ^44 an d prove 
that F = e _Q V g fl C(M'). Since c —> Hf(M') (see section 2.3), 

this implies the required statement. 

Let z G Ui for some 1 < i < l. We will estimate |W| 2 ,i,^ (see (2.2)). By the 
definition using inequalities (4.5), (4.6) and Lemma 4.1 we obtain 

|_p|2 = I -a/(»)|2 < 2a(o+C) . V- -2ad 0 . {z) (y) < 

I 12,1 )Z / j I I — / j — 

y^r~ 1 (z) yer~ 1 {z) 


00 00 ^ 2 a(a+C)+l 

g2o(a+C) . ^ e -2«7?. . < e 2a(a+C) . ^ e (-2 a + k)R = - 

7?=0 R= 0 e — 1 


Therefore 


\F\%i ■= sup \F\ 

z€M 


3 2 a(a+C)+l 


2,l,z F 


1/2 


This shows that F G 7^2,1 l(IW') fl C(M'). □ 


Remark 4.2 (1) Using some construction from [Br2] one can prove that the con¬ 
stant C in Theorem 2.1 for (f> = d Q (see (4.5)) can be chosen independent of the 
covering r : M' —> M. It depends only on M, M and the Riemannian metric on N. 
(2) Consider the holomorphic map / : M' —> C with / as in Corollary 2.2. Then 


f(M') C S \= {z G C : \Imz\ < C , — C < Rez < 00 } 


where C is the constant in Theorem 2.1 for (p = d 0 . Let B t = 
be the open ball in M' centered at o of radius t and S R : = 
Then 


{x G M' : d 0 (x) < t} 
{zGS : Rez > R}. 


r\S R ) C M'\B r _c for R> C and f~\S \ S R ) C B R+C . 
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Using such / one can construct holomorphic functions on Ad' decreasing faster than 
the function F from Corollary 2.2. Actually, let / : M + —> M + be a continuous 
function monotonically increasing for x > Rq. Consider a holomorphic function g 
on S satisfying 

log \g(x + iy)\ > l{x) for x > R 0 and inf \g{z)\ > 0 . (4.10) 

z£S 

Then one can easily check that the function G = g o f E O(M') n C(Ad') satisfies 

\G(z)\ > e l ^ z) ~ c) for d 0 {z) > R 0 + C . 

In particular, H — 1/G E O(M') n C(M') satisfies (for some C\ > 0) 

\H(z) | < de-'^W- 0 ) , zeW\B c . (4.11) 

Observe that the Harnack inequality for positive harmonic functions implies for g 
as in (4.10) (for some positive Ci, c 2 ) 

l(x) < log \g(x)\ < c\e C2X , x > R 0 . 

This and the properties of / impose the following restriction on the decay of H: 

\H(z)\ > e ~^ C2do(z) , z E M' . (4.12) 

Example 4.3 As the function g in (4.10) one can take, e.g., g(z) = e z " for n E N 
(in this case l{x) = (1 — e)x n for any e > 0), or g(z) = e Cie ° 2 ‘ for C\ > 0 and 
0 < C 2 < ^ with C as above (in this case l(x) = CiCos(C 2 C)e C2X ). For the latter 
example estimate (4.11) shows that the lower bound (4.12) of the decay of H is 
attainable. 


5. Proof of Theorem 2.4. 

Suppose that McciV are domains in a Stein manifold, Ad is strictly pseudoconvex 
and 7Ti (Ad) = 7Ti (N). Using the Remmert embedding theorem (see, e.g., [GR]) 
we may assume without loss of generality that N is a domain in a closed complex 
submanifold of some C A ’. Let r : N' —> N be an unbranched covering of N. As 
usual, we set M' = r _1 (M) and bAd' = r“ 1 (6M) where bAd is the boundary of Ad. 
We must show that every point in bAd' is a peak point for 7i p i(Ad'), 1 < p < oo. In 
our proof we use a result on uniform estimates for solutions of certain 9-equations 
on Ad'. To its formulation we first introduce the corresponding class of (0, l)-forms 
on Ad'. 

Let {Vi}i £ j be a finite acyclic open cover of Ad by relatively compact complex 
coordinate systems. We set U* fl Ad and consider the open cover U = {Ui} ie i of Ad. 
Let X H be the fibre of N' with dd = ni(N'). Using the construction of Example 3.2 
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(a) we identify r l {Ui) with U t x Xh■ Let w be a (0, l)-form on M'. Then in local 
coordinates on r -1 (£/,:) it is presented as 

n 

u(v, x) = ^2 aj(v, x ) dTJj for v x x G Ui x Xh 
i=i 

where n = (t7 l5 ... , v n ) are coordinates on U l . Consider every aj as a function on U l 
with values in the space of functions on Xh- We assume that for every i G / 

aj G C°°(Ui,l Pi i(XH)) , l<J<n. (5.1) 

Then for such an cn its direct image r*(a;) is a bounded C 00 form with values in the 
Banach vector bundle E p \ {Xh) (see section 3.1). Also, we assume that the norm of 
c o defined by the formula 

I|o;|| := sup max |a,-|R (5.2) 

iS l<j<n' 3 ' PA 

is finite. (Recall that | • \ p \ are norms on C' Pi i(r _1 (C/i)), see (3.5).) 

Proposition 5.1 There is a constant C > 0 and for each d-closed (0,1 )-form to 
satisfying (5.1) there is a function f G D C p l (M') such that 

df = u; and \f\ P}1 <C\\uj\\. 

Proof. We apply the operators L z from Theorem 3.4 to u. Namely, let us define a 
form uj on M by the formula 

n 

uj{y , z) := UL* aj(v, -))(^) dvj for v x z G Ui x M r , i G / . 

3 =1 

It is readily seen that a; is a bounded (9-closed C°° form on M with values in TC Pt i(M'). 
We define the norm of u) by 

| |a;|| sup max | L v aj(v, (5.3) 

ieI,veUi l <3<n 

where | • | p \ is norm on TC Pt i(M'). Then according to Theorem 3.4 there is a constant 
c (independent of o’) such that 


| |o;| | < c\ la 1 ! | . (5.4) 

Further, we use Lemma 1 from [He], According to this lemma there exist a 
strictly pseudoconvex domain W C C fc with C 2 boundary such that W fl N = M and 
a holomorphic map i r from a neigbourhood U(W ) of W onto U(W ) fl N such that 
7r (W) = M and n\ u(W)cn * s ^ e identity map. 

Using this result we obtain that the pullback 7 t*cD with respect to 7r is a bounded 
(9-closed C°° form on W with values in Moreover, there is a constant c' 

(depending on tt and W ) such that 

|j'7r*a’I[ < c'l |a)|| . (5.5) 
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Here for n*cv(w, •) = Xy=i a j(w, • )dwj , w = (uq,..., w*,) € C k , we define 

\\n*ti\\ := sup max Ol^fi ■ 

In [SH] uniform estimates for solutions of 9-equations on so-called pseudoconvex 
polyhedra were obtained by means of global integral formulas. This class contains, 
in particular, strictly pseudoconvex domains with C 2 boundaries. Note that the 
estimates in [SH] remain valid if one solves Banach-valued 9-equations. Therefore 
from the results of [SH] we obtain that there exists a bounded C°° function h on W 
with values in 7i Pt i(M') such that dh = ir*u. Moreover, 

| \h \| < c /r 117 t*cD11 (5.6) 

for some c” (depending on W only). Here 

IN : = SU P \ h ( w r)\™i ■ 

wew 

Finally, define a function / on M' by the formula 

f(z) := h(r(z),z) , z £ M'. 

Using that r is holomorphic, u(r(z),z) = uj(z), z £ M', and (k*oj)\m = u> we easily 
conclude that 9/ = c u. By the definition / £ C°° ( M' )D Cff j ( M') and from (5.4)-(5.6) 
we have (for some C ) 

l/K <c-|H|. □ 

Remark 5.2 (1) An analogous to Proposition 5.1 statement is valid for a similar 
class of bounded 9-closed (0, g)-forms on M'. 

(2) Using the main result of [He] and the estimates from [SH] one can show that the 
result of Proposition 5.1 is valid also for coverings of non-degenerate pseudoconvex 
polyhedrons on Stein manifolds (see [He] and [SH] for the definition). 

We pass to the proof of Theorem 2.4. Take a point z £ bM' and set v = r(z) £ 
bM. Let U CC N be a simply connected coordinate neighbourhood of v and let 
W C N' be the neighbourhood of z such that r : W —> U is biholomorphic. Since M 
is strictly pseudoconvex, v is a peak point for 0(U fl M) for a sufficiently small U. 
Moreover, for such U we can find / G 0(U fl M) with a peak point at v such that 
/ £ L q (U fl M) for all 1 < q < oo (see [GHS, p.575]). Then / := (r* f)\wrM' has a 
peak point at z and / £ L q (W fl M') for all 1 < q < oo. Next, let p £ C°°(U ) be a 
cut-off function which equals 1 in a neighbourhood O CC U of v and 0 outside U. 
Consider its pullback p := (r*p)\ w £ C°°(W). Clearly the (0, l)-form uj = d(pf) on 
M' satisfies conditions of Proposition 5.1. Then this proposition implies that there 
exists a function h £ fl C p l (M') such that dh = u>. Finally, consider the 

function h~ := pf — h. Then h z is holomorphic, has a peak point at Zq and belongs 
to Hf(M') for 1 < p < oo by the choice of /. Also, for p = oo the function h z is 
bounded outside W. 

The proof of the theorem is complete. □ 
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6. Proofs of Theorem 2.7 and Corollary 2.9. 

Proof of Theorem 2.7. Let M CC M C N be manifolds satisfying condition 
(1.1) with dimcM > 2. Let D CC M be an open subset whose boundary bD is a 
connected C k submanifold of M (1 < k < oo). Consider a covering r : N' —> N 
and set M' = r _1 (M), D’ = r _1 (A>) and bD' = r _1 (6L>). Let ^ : IV' —> be 
such that log^ is uniformly continuous with respect to the path metric induced 
by a Riemannian metric pulled back from N. Let / G C s (bD'), 0 < s < k, be a 
C'A-function satisfying the hypotheses of Theorem 2.7. 

(A) First, we will prove the theorem for s = 0 under the additional assumption 

f E C p ^(bD') for p G [1, oo) and / G C\ t \(bD') for p = oo . (6.1) 

(We use here that C\^(bD') C C' 00i i(6L> / ) = C 00 ^(bD') 1 see Definition 3.3.) 

For a C'A-function / satisfying (6.1) we define a continuous 7i p ^(M r )-valued 
function F on bD 1 by the formula 

F(v) := L v (f | r -i ( „)) , v EbD , 

where L v are operators from Theorem 3.4, see section 3.3. 

Lemma 6.1 F is a -valued continuous CR-function. 

Proof. Let U C M be a simply connected coordinate neighbourhood of a point 
x G bD. It suffices to check that F\ UnbD satisfies the required property. Note that 
by Proposition 3.5 

[T»](^) = 5] fy(v)H y (v , z), v x z e (UnbD) x M’ , (6.2) 

y^r~ 1 (x) 

where f y (v) = f(s y (v)), uGUfl bD, and s y : U —> is a biholomorphic map onto 
the connected component Py of r -1 (£/) containing y. By the definition of operators 
L v functions H y are restrictions to bDxM 1 of some holomorphic functions on U xM'. 
Moreover, Proposition 3.5 implies that the series in (6.2) converges uniformly to F 
on every compact subset of (U fl bD) x M'. Next, since f\v y nbry is a continuous 
CR- function, f y is a continuous C'i?-function on U fl bD. Also, by the definition 
of H y , for a fixed z G M' every H y (-,z) is a continuous CA-function on U fl bD. 
Hence, f y ■ H y (•, z) is a continuous C'A-function on U fl bD, as well. Indeed, for each 
(n, n — 2)-form uj with a compact support in U we have 

f fy ( v ) ' H y( v , z ) du(v) = [ f y (v) d(H y (v, z) ■ u(v)) = 0 

JunbD JunbD 

because f y is CR. Since the series in (6.2) converges uniformly to [A(-)](z) on every 
compact subset of ( U fl bD) xz, every [A(-)](z), z G M', is a continuous C'A-function 
on U fl bD. This implies the required statement. □ 

Further, since [A(u)](z) from Lemma 6.1 is holomorphic in z G M', we can 
expand it in the Taylor series in a complex coordinate neighbourhood U z , 

[F(v)](w) = Y, F a(v)w a , v G bD . (6.3) 

0<|a|<oo 
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Here a = (aq,..., a s ) G (Z + ) s , |a| = J2t=i a i , ia Q = wf 1 ... wf n and w = (uq,..., w n ) 
are coordinates on U z such that w(z) = 0. Now, from Lemma 6.1 follows that each 
F a in (6.3) is a continuous C'i?-function on bD. Then by Theorem 3.14 of Harvey 
[Ha] for every F a there exists a function F a G O(D) n C(D) such that F a \bD = F a . 
Also, for a sufficiently small U z using estimates of the Cauchy integrals for derivatives 
of a holomorphic function and compactness of bD we get from (6.3) 

M := sup |F a (u)| < oo . 

a,v(E:bD 

Thus by the maximum modulus principle 

sup \F a (v)\ — M < oo . 

a,v£D 

The latter implies that for a sufficiently small U z the series 

F z (v,w) = F a (v)w a , v x w e D x U z , 

0<H<oo 


converges absolutely and uniformly. Hence, F z e 0(D x U z ) n C(D x U z ). Further, 
assume that for y, z G M' we have U y fl U z ^ 0. Then for every w G U y nU z and 
v G 

F y {v,w) - F z (v,w) = [F(v)](w) - [F(u)](w) = 0 . 

This leads to the identity 

F y (-,w) = F z (-,w) , weU y nu z . 

Thus we can define a function F G 0(D x M') fl (7(1? x M') by the formula 

F(v,w) := F z (v,w) , vxweDxU z . (6.4) 

Lemma 6.2 F(v, •) G for any v G Z?. 

Proof. Observe that the evaluation at v E D is a linear continuous functional 
on the Banach space 0(D ) fl C(D) equipped with supremum norm. Identifying 
0(D) fl C(D) with its trace space on bD and using the Hahn-Banach and F. Riesz 
theorems we have 

h(v)=f h(0d/i(0, heO(D)nC(D), 

JbD 

where // is a complex regular Borel measure on bD with the total variation Vary = 1. 
Thus for every fixed w G M' we have 

F(v,w)= [ [F(0](k>)<M?) • 

JbD 
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Now, by the definition of the norm on using the triangle inequality, the 

identity F(v, •) = F(v), v G bD , and the fact that F is a continuous 7ip^(M')- valued 
function on bD we obtain 


i /p 


\ F ( v r)\p,^ : = sup E I F(v,y)\ p ij}(y) \ < 

zGM Vper-Rz) 


sup 

zeM 


i/p 


E 


\y£r J (z) 


IbD 


\F(£,yWHO\) $(y) 


< 


( 


sup 

zeM 


bD 


E l[^K)](!/)W(») 

J/Gr— J (z) 



< sup |f(OIE < 00 • 


□ 


Further, set 

f\z) := F(r(z), 2 ) j zeD 7 . (6.5) 

Then using the inequalities of Lemma 6.2 we get 


f G O(D') n C(D') , /V' = F| 6D , = / , and 


l/'P : = f E !/'(?/) 1^(2/)) < sup |F(0IE < c|/|J5, , z D , 

Wr-Hz) ) & bD 

see (3.5) for the definition of | • (Here the last inequality follows directly from 
Theorem 3.4.) The latter implies that f\ r -i( z ) G l p ^ tZ (M'), z G T>, see section 2.3. 
Thus /' G Hprt(D') n C(ZX) and 

I/IE := su p l/W ^ c su p I/P ( := c|/p • ( 6 - 6 ) 

z£D zGbD 

This completes the proof of the theorem for s = 0 under assumption (6.1). 

(B) Let us consider the general case of a continuous C'/?-function / on bD 1 satisfying 

flr-'tx) G for any x G D and m := sup \f\ p ,^, x < 00 . (6.7) 

x£bD 

According to Remark 4.2 (2) and Example 4.3 there is a constant c > 0 such that for 
any 0 < c 3 < c and c 2 > 0 there exists a function F C1:C2 G O(M') fl C(M') satisfying 

< \f cuC2 ( z )\ < e ~ C2eCldo(z) for all z eW (6.8) 

with c 3 depending on c 2 , Ci, c, M, M' such that c 3 —> 0 as c 2 —» 0. (Recall that 
d a , o G M', is the distance on N' defined as in Corollary 2.2.) Define a continuous 
C-R-function / Cl , C2 by the formula 


/ci,ca(z) := f(z)F Cl , C2 (z) , z ebD’ . 
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Lemma 6.3 f Cl ,c 2 satisfies assumption (6.1). 

Proof. Note that for any l G N there is a nonnegative r such that 

e - C2ecldoM < e~ ld ° {z) for d 0 (z) > r , z G M 7 . 


Let U CC M be a neighbourhood of D and U' = r _1 ([7) C M'. From the above 
inequality arguing as in the proof of Corollary 2.2 we obtain that F Cl C2 G 'H p ,i(U') 
for any p G [1, oo]. Then from [Br, Proposition 2.4] follows that F c 1 , C2 \bD' belongs to 
C P) i(bD r ) for all p. 

Next, take a point x G bD and prove that f ci ,a is Cp ; y-continuous over x. Let 
U x C M be a complex (simply connected) coordinate neighbourhood of x. We will 
identify r~ 1 (U x ) with U x x Xh where Xh is the hbre of r : M' —» M. Consider 
a sequence {x n } C U x D bD convergent to x. For g G X H put a n (g) := f(x n ,g ), 
a(g) ■= f{x,g), b n (g) := F CUC2 (x n , g), b(g) := F cljC2 (x,g ) and c n := a n b n , c := ab. 
Then we must check that 


lim 

n—>oo 


c — c 


n 


P^i x 


lim 

n—>oo 


E ! c (^) 


1/p 




0 . 


Using the triangle inequality we have 


1^ U | (d dn)b\p,il>,x T |®n(^ ^n)|p,i/),a; • I T II ■ 

According to (6.8) for any e > 0 we can decompose b in the sum b' + b" where b' — 0 
outside a hnite subset S e C X H and b" = 0 on S e such that |6"(^)| < e for all g. 
Note also that \b'(g)\ < 1 for all g. Also, (6.7) and uniform continuity of log//> on 
the compact set bD imply that \a — a n | P) ^, )X < km for some k > 0. Finally, by 
continuity of / on bD 1 we can find a number N such that for any n > N we have 
| (a — a n )xe\ P ,tp,x < C where x e is the characteristic function of S e . Using all these 
facts we get for n > N 

I < |(a - a n )xeb'\ p ^, x + |(a - a n )b"\ Pt ^ x < e + kme = (1 + km)e . 

To estimate II observe that from (6.7) and uniform continuity of log//? follow that 
for each g G Xh 


(|(fiO g) ) ^ A |®n|p,'i/),a: A k |On Ip,^,^,! A k 171 

(for some k r ) . Moreover, since F cl C2 \ br y G C Pt i(bD'), there is an integer N ' such that 
for any n > N' we have |b — b n | Pi i iX < e. These two inequalities yield for n > N' 

II < sup (\a n (g)\ p ijj(x,g)) 1/p \b - b n \ pXx < k'me . 

Combining the estimates for I and II we obtain that 

lim | C On |p ib ,x 6 . 
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This is equivalent to C^-continuity of f Cl , C2 over x - 

Similarly one can check that if p — oo then f Cl , C2 belongs to C\ t i(bD'). We leave 
it as an excercise to the readers. □ 

Let us finish the proof of the theorem. According to Lemma 6.3 and the case 
(A) there is a function /' 1C2 G O(D') n C(D') such that f Cl C 2 \bD' = f Cl ,c 2 • Note also 
that since |F CljC2 | < 1 inequality (6.6) yields 

\fLc& < c sup \f\p^, z := cm . 

z£bD 

Consider f := f ci . C2 /F CI , C2 • Then f G 0{D')nC(D') and f'\bry = /• The uniqueness 
property for holomorphic functions implies that f does not depend on c,\ and c 2 . 
Since A C1C2 converges uniformly on compact subsets of M' to 1 as c 2 —s► 0 from the 
last inequality we get 

I - CSU P 1/Ip.iM • 

z&D 

Therefore f G H M (D') n CiD 7 ). 

The proof of the theorem for s = 0 is complete. If, in addition, / G C s {bD) for 
1 < s < k, then in fact the extended function f G C S (D') (see, e.g., Theorem 3.14 
in [Ha], and the discussion that follows it). □ 

Proof of Corollary 2.9. Let us consider the function F Cl)C2 from (6.8). Suppose 
that / G 0(U') satisfies the hypotheses of Corollary 2.9 with ci, c 2 and c as in the def¬ 
inition of F CuC2 . Then / Cl)C2 := fF CljC2 G H°°(U r ) with the norm bounded by 1. Fur¬ 
ther, by the hypotheses we can find a connected C°° compact submanifold bS C U 
that bounds a domain S containing K. By Theorem 2.7 (applied to S' := r _1 (S') 
and bS' := r~ 1 (6S')) the function f Cl , C2 admits an extension f' ci C2 G H°°(D'). Since 
fc uC2 = f Cl ,c 2 on U' and h(z) := sup yer -i(^ \f' Cl ,c 2 {y)\ i s a continuous plurisubhar- 
monic function on D, 

IfLcZ = su p \f( z )\ ^ 1 • 

z£U' 

Then the function f := f' ci C JF C ^ C2 G O(D') extends / and satisfies 

\f(z)\ < e C3eCldo(z) , zeD', 


with c 3 as in (6.8). □ 

7. Proof of Theorem 2.10. 

Let r : Mg -> M be the regular covering of M satisfying condition (1.1) (for some 
M and N) with transformation group G. Let G\ C G be a subgroup of a finite index 
and let rq : Mi —> M be the covering with fibre G/G\. Then there are coverings 
N\ and M\ of N and M with fibre G/G\ such that Mi CC Mi C N\ . Clearly 
this triple satisfies condition (1.1), as well. Thus without loss of generality we may 
assume that M := Mi, G := GV, M := M\ and N := N\ , and so G G T(M). 
The latter means that G admits a linear representation p into GLk( C) and that 
the flat vector bundle E p on N associated with p is topologically trivial. Then the 
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restriction E p \^ is topologically trivial. Since M is Stein, according to the Oka- 
Grauert principle (see [G2]), E p is holomorphically trivial. In particular, p can 
be obtained as the monodromy of an equation dF = c oF on M where u is a matrix¬ 
valued holomorphic 1-form on M satisfying du — u A ca = 0. Let c o = r*u> be the 
pullback of c o on Mq = r _1 (M). (Here r : Nq —» TV is the regular covering of N 
with the transformation group G so that Mq and Mq are domains in No-) Then 
there exists a function F G 0(M G , GLk( C)) such that dF = ldF. This follows from 
the fact that the monodromy of the last equation is the restriction of p to tt\ (Mg) 
and so it is trivial (since n\ (Mg) C Kerp). Note that F can be obtained by Picard 
iteration applied to u. Since M is a compact subset of M (and so uj\m is bounded), 
the Picard iteration produces for some positive c = c(M, ui) the estimate 

||F(z)|| 2 <e c ^ , zeM G , (7.1) 

where || • H 2 is the / 2 -norm on GLk( C) and o G Mq■ (Here as before d Q is the 
distance from o in the path metric induced by a Riemannian metric pulled back 
from TV.) Moreover, for every z G Mq there exists a matrix C z G GL^{ C) such that 
F(gz ) = C~ 1 p(g)C z for any g G G. These are standard facts of the theory of flat 
connections. In particular, from the last identity we derive easily that F separates 
points in every orbit of the action of G on Mg- 

Next, let / be the function from Corollary 2.2. Then by (7.1) we get (for some 
ci = ci(/,a)) 

\\e- af{z) F(z)\\ 2 < Cl e^- a)d ^ z) , * G M G . 

From here arguing as in the proof of Corollary 2.2 we deduce that for a sufficiently 
big a all entries of the matrix e - "7 . p belong to H- 2 ,i(Mg) D C(Mq )■ Now the 
family consisting of these entries and the function e - “7 separate all points in any 
orbit of the action of G on Mq- For otherwise, there are 1 , 1 / G M G , y = gx, g 7 ^ 1, 
g G G, such that e~ a F x )p( x ) = e~ a F y )F(y) and e _a 70 = e~ a ^ y \ But this implies 
that F(x) = F(y ), a contradiction. Finally, since M CC M and M is Stein, by 
the Remmert embedding theorem there are holomorphic functions hi,, hi from 
H°°{M ) fl C(M) that separate all points in M. We set hi = e~ a ^r*hi, 1 < i < l. 
Then by the definition hi G 'H. 2 ,i(Mg) D C{Mq) and so the family consisting of all 
hi, entries of e~ a f F and e~ a f separates all points in M G - 
The proof of Theorem 2.10 is complete. □ 
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